Bai tdp Ly thuyt so
Chwong IV. Phwong trinh ddng dw bac nhit mot an

A. Tom tat ly thuy ét
1. Phrong trinh dong dir mét an
ax=b(modn) (1)
c6 nghém khi va chri khi d =UCLN(a, m) laudc aia b. Khidy phuong trinh c6 d ngléim.
Truong hop d = 1 ta co6 ttinéu hai cach gi (1).
Céch 1:

- Néu a chia Bt b thi x sg(mod m).
a

- Néu a khéng chiaédt b thi do (a, m) = 1 nédn tai u,ve Z dé:
a mv= 1
—a(ubh+ m vh=t
= a(ub)= b modn)
Tur d6 nghém cua (1) lax = ub(modm.

Céch 2:
Theodinh ly Ole ta cé:

UCLN(a,m)= 1= 4™ = { modm.
Tir d6 a bd ™ |= f mod .
Suy ra nghim aia (1) lax = ba™™™*(mod ny.
Truong hop d# 1, chia @ hai & va matun m cho d tauoc:
a,x=b(modm) (2).
Phrong trinh (2) c6 ngléim duy nit X, (modm) . Khi d6 phrong trinh (1) ¢é d nghim:
Xy Xo+ My, Xo+( -3 M
ldy theo md@un m.
2. Hé phwong trinh ddng dw bac nhit mat 4n

Hé phuong trinh:

X

b, (mod m)
b, (modm,)

x =b, (modm)

duoc goi 14 hé phuong trinhddng dr bac nkit mot an. Néu xo la mot b nguyén nghiim
dang k¢ thi moi s6 nguyén thac I5p x_o(mod m), trongdo m la BCNN ¢a m;,m,,...,m,
cling nghém dung ¢. ’

- N§u he (1} c6 nghé¢m thi nghém [a duy nl@t.

- Néu cac 6 m;,m,,...,m,déi mot nguyén é cung nhau thid (1) cé nghém.

- Mgt cach éng quatdiéu kign cin vadua dé hé (1) c6 nghém l1a d; =(m,m) chia Fét
b —b (1< i, j< k).

- Néu m > 1 ¢c6 dng phan tich tiéu clim

m=p*p?... 4"
va f (x) e Z[x] thi phrong trinhddng dr
f (x)=0(mod m)
tuong duong Wi hé phuong trinhddng dr

X

(1)
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f(x)=0(modg"), (i=12,....K
Céch thec h’anhdé’ tim nghém aia h¢ (1)

Trudc Ret ta hdy gii hé hai phrong trinh naai6 aia k¢ (1). Voi nghiém tim dugc cung
v6i mot phrong trinh @a ke (1) taduoc hé hai phrong trinh. Gai hé nay va tp tuc lam nhr
trén sau k — 1uwc ta € dugc nghém aia e (1).

Ddi véi trudng hop m,, m, ,...,m nguyén é cting nhau ta c6 #yiai h¢ (1) nhr sau:

bat
m=mm,..m=Mm (i=12,...k
Saud6 tim cac 8 nguyénN, nghiém dung cac phong trinh
M;N, =1(modm).
Khi d6 x,=M\Np,+M N b ,+---+M N b, nghém dang It da cho.

B. Mgt s6 dang bai toan thwong gip

Dang 1.Gidi phirong trinhdong dr bdc nhit mgt dn
Vi du 1. Giai phuong trinhddng dr sau:3x = 7( mod§
Giai

Ta co:
UCLN(3,8)=1=33- 8 1> $3J- 82 2 x 21 (5 mo}.
Vay nghiém cia phrong trinhda cho la:
x =5(mod§
Vi du 2. Gidi phuong trinhddng dr sau7x = 6( mod13.
Giai
Theodinh ly O-le ta c6:
UCLN(7,13) = 1> 7" =72 =1(mod13= x ¥ .6- B=—(- B=— 27=— (1 mod}
Vay nghiém cia phrong trinhda cho la:
x=-1(mod13
Vi du 3. Giai va bén lugn phrong trinhdong dr sau:(a+1) x= & — 1 modn), trongdo a
la mot sb nguyén cho troc.
Giai
- Néu UCLN(a + 1, m) = 1 thix =a—1( mod n)
-NéuUCLN (a+1,m) = d= :thi

a+l d&- mj.
——Xx=——" mod— ;
d d d

Suy ra plrong trinhdd cho c¢é d ngkm theo mdun m

x=a-1, Xx= a ]:L% S =t &%n( mod j.

| Dang 2.Gidi phirong trinh Di-6-phing
Vi du 1. Giai phuong trinhbi-6-phing sau: 31x — 43y = 5.
Giai

Ta xét plrong trinhddng dr
—43y= 5 mod 3},
hay
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12y=-5=- 3@ mod 3}L.
DoUCLN(12, 31) =1 nén

y=-3(mod3).
Suy ra
y=-3+31t
,teZ
X =-4+43t

la nghEm nguyén géa phrong trinhdé cho.
Vi du 2. Giai va bién luan theo § nguyén m phiong trinh sau: 12x + 8y = 3m + 2.
Giai
Do UCLN(12, 8) = 4 nén piong trinh c6 ngléim khi va chi khi 3m + 2 chia ét cho 4,
hay
3m=-2 mod4
= 3m= 6( mod 4
= m=2(mod9 .
ngha lam= 4k+ 2, ke Z . Khi d6 phrong trinhda cho c6 dng
3x +2y =3k + 2.
Phrong trinh ¢ ngléim riéng x, =k, y, =1. Suy ra nghlim tong quat 1a
x=k+2t
y=1-3t
Két luan:
- Néu m= 2(mod4: phrong trinhda cho c6 ngléim nguyén la
X =Kk+2t
y=1-3t’
- Néu m,£2(mod4): phuong trinhdd cho khéng cé ngéin nguyén.

keZ

| Dang 3.Chitng minh khéng chiad

Vi du . Ching minh &ng Wi moi sd nguyén a ta c¢@? + 1 khéng chia Bt cho 7
Giai
Xét phrong trinhddéng dr
x> +1=0(mod 7).
Cho x chy qua ¢ thing dr day da médun 7
{0,+1+2+3

thi x*+1 chay qua &ip {1,2,5,1Q.

Do dé phrong trinh trén khéng cé nghm, ngha la a?+ 1 khong chia Bt cho 7 \6i moi
acZ.

| Dang 4.Gidi hé phirong trinhdang de bdc nhit mgt dn

5x = 4(mod1}
11x= 8(mod13}
Giai

Vi du 1. Giai hé phuong trinhddng dr sau:{

Ta ca
{5x = 4(mod1}

11x=8(mod13}

- {SX =15( mod1}

—2x=8(mod13
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x =3(mod1)
=
=-4(mod13
X =—-4+13t
T _a+13t= 3 mod1}
Phrong trinh céi cuing trong duong \Gi
2t=7=-4(mod1}= &- ? modJ).

Vay
X =—4+13—2+ 119 =— 30- 143K, kZ.
hay
=-30( mod143
la nghém cia k¢ da cho.

x=a(mod3
Vi du 2. Giai hé¢ phuong trinhddng dr sau:{ x = b(mod5

x =c(mod?)

Giai

Tac6 3.5.7=3.35=5.21=7.15.
Tur d6 xét cic phong trinh
35x=1mod3= x % mod}p
21x=1modj= x { modp
15x=1(modj= x= { mody
Suy ra nglim aia I la
x=2.35a+ 1.21b 1.15c mod1p
=70a+ 21br 15¢ mod1Q5 .

| Dang 5.Tim & nguyén the mandiéu kién cho turéc |
Vi dv. Tim $ tu nhién nié nhat sao cho khi chia né cho 3, 5, 7 va 1Htac £ du tuong
unglal; 2;3vao.

Giai
Goi s phai tim 1a x (xe N) ta co It
x=1(mod3 x= 1 mod3}
x =2(mod5 x= 4 mod}
x =3(mod7) x= § mod Y
x=9(mod1} x=— 4 mod1)l

Xét c4c plrong trinh
5.7.11x= 1 mod3= > (L mod)3

3.7.11x= 1 mod%= »x (L modj
35.11x= I modJ= x @ mod)7
3.5.7x= { mod1l= x g mod):
Suy ra ngkim aia I la
x=385.1.% 231.1.2 165.2:3 1052.(2) 2{62 mOCE.)I.
Bai vay x = 262 1a 8 can tim.
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